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Abstract

Inverse trigonometric functions are an important topic in higher
mathematics and mathematical analysis. They are used to determine angles from
known trigonometric values and play a significant role in algebra, geometry,
calculus, physics, and engineering. Understanding the properties of inverse
trigonometric functions helps students solve complex equations, evaluate limits,
compute derivatives and integrals, and analyze mathematical models. This article
discusses the definitions, domains, ranges, fundamental properties, graphs, and
derivatives of inverse trigonometric functions. Particular attention is given to
their algebraic and analytical properties, which are essential in advanced
mathematical studies.

Keywords: inverse trigonometric functions, arcsine, arccosine, arctangent,
mathematical analysis, calculus, trigonometry.

Introduction

Trigonometric functions are among the most important mathematical tools
used to describe periodic phenomena and geometric relationships. In many
mathematical problems, the value of a trigonometric function is known, while the
corresponding angle must be determined. To solve such problems, inverse
trigonometric functions are introduced.

Inverse trigonometric functions establish a relationship between
trigonometric ratios and their corresponding angles. They are widely used in
mathematical analysis, differential equations, geometry, and applied sciences.
Since ordinary trigonometric functions are not one-to-one on their entire
domains, it is necessary to restrict their domains before defining inverse
functions.

The study of inverse trigonometric functions provides a deeper
understanding of function theory and mathematical analysis. Their properties,
identities, and derivatives form an essential part of advanced mathematics and
are frequently encountered in university-level courses.

Concept of Inverse Trigonometric Functions

Inverse trigonometric functions reverse the action of trigonometric
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sinx = a,
then
arcsin a = X.
Similarly,
if cos x = a, then arccos a = x,
and if tan X = a, then arctan a = x.
The principal inverse trigonometric functions are:
e y=arcsinx
e y=arccosx
e y=arctanx
e y=arccotx
e y=arcsecx
e y=arccscx
Among these functions, arcsine, arccosine, and arctangent are the most
frequently used in mathematical analysis.
Domains and Ranges of Inverse Trigonometric Functions
For inverse functions to exist, the domains of trigonometric functions must
be restricted.
Inverse Sine Function
y = arcsin X
Domain:
-1<x<1
Range:
-m/2<y<sm/2
Inverse Cosine Function
y = arccos x
Domain:
-1<x<1
Range:
O<y=sm
Inverse Tangent Function
y = arctan x
Domain:
All real numbers

Range:
-m/2<y<m/2
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These restricted intervals ensure that each inverse trigonometric function
assigns a unique angle to every admissible value.

Fundamental Properties of Inverse Trigonometric Functions

The mostimportant properties of inverse trigonometric functions are given
below.

Property 1

sin(arcsin x) = x

for-1<x<1.

Property 2

cos(arccos x) = x

for-1<x<1.

Property 3

tan(arctan x) = x

for all real values of x.

These identities demonstrate that inverse trigonometric functions reverse
the corresponding trigonometric functions.

0dd and Even Properties

Property 4

arcsin(-x) = -arcsin(x)

Therefore, the inverse sine function is an odd function.

Property 5

arctan(-x) = -arctan(x)

Therefore, the inverse tangent function is also an odd function.

Property 6

arccos(-x) = — arccos(x)

This identity describes the symmetry property of the inverse cosine
function.

Complementary Angle Properties

Inverse trigonometric functions satisfy several important complementary
relationships.

Property 7

arcsin(x) + arccos(x) = /2

for all x belonging to the interval [-1,1].

Property 8

arctan(x) + arccot(x) = /2

for all real x.
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These identities are widely used in simplifying trigonometric expressions
and solving equations.

Composition Properties

The composition of trigonometric and inverse trigonometric functions
leads to several useful identities.

Property 9

arcsin(sin x) = x

for

-m/2<x<m/2

Property 10

arccos(cos x) =x

for

O<x=<m

Property 11

arctan(tan x) =x

for

/2 <X<T/2

These properties hold only within the principal value intervals of the
corresponding inverse functions.

Graphs of Inverse Trigonometric Functions

The graph of an inverse function is obtained by reflecting the graph of the
original function across the line

y =X.

The graph of y = arcsin x is increasing on the interval [-1,1].

The graph of y = arccos x is decreasing on the interval [-1,1].

The graph of y = arctan x is increasing for all real values of x and approaches
the horizontal asymptotes:

y=m/2
and
y=-m/2.

These graphical characteristics help illustrate the behavior and continuity
of inverse trigonometric functions.

Derivatives of Inverse Trigonometric Functions

Inverse trigonometric functions are extensively used in differential

calculus.
Derivative of arcsin x
d/dx(arcsin x) = 1/V(1 - x?)
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for |x| < 1.
Derivative of arccos x
d/dx(arccos x) = -1/V(1 - x?)
for |x| < 1.
Derivative of arctan x
d/dx(arctan x) = 1/(1 + x%)
for all real x.
These formulas are frequently used in integration, optimization, and
mathematical modeling.
Applications in Higher Mathematics
Inverse trigonometric functions play an important role in various branches
of mathematics.
They are used in:
« Solving trigonometric equations;
« Evaluating definite and indefinite integrals;
o Computing limits;
« Differential equations;
« Analytical geometry;
« Mathematical analysis.
Many advanced mathematical theorems and techniques rely on the
properties of inverse trigonometric functions.
Conclusion
Inverse trigonometric functions are essential mathematical tools used to
determine angles from trigonometric values. Their domains, ranges, algebraic
identities, symmetry properties, composition rules, graphical characteristics, and
derivatives form an important part of higher mathematics. A thorough
understanding of these properties enables students and researchers to solve
complex mathematical problems and apply trigonometric methods effectively in
advanced studies. Therefore, the study of inverse trigonometric functions
remains a fundamental component of mathematical education and scientific
research.

References:
1.Stewart, ]. Calculus: Early Transcendentals. Cengage Learning, 2021.

2.Thomas, G. B., Weir, M. D., & Hass, ]. Thomas' Calculus. Pearson, 2022.
3.Larson, R., & Edwards, B. H. Calculus. Cengage Learning, 2020.
4.Anton, H., Bivens, 1., & Davis, S. Calculus. Wiley, 2019.

Kreyszig, E. Advanced Engineering Mathematics. Wiley, 2021.
immons, G. F. Calculus wijth Analytic Geometry. McGraw-Hill, 2017.




ACADEMIC RESEARCH IN MODERN SCIENCE
International scientific-online conference uﬁ

7.Marsden, J., & Tromba, A. Vector Calculus. W.H. Freeman, 2018.

8.Zill, D. G. Advanced Engineering Mathematics. Jones & Bartlett Learning, 2020.
9.Bronson, R., & Costa, G. Schaum's Outline of Differential Equations. McGraw-Hill,
2018.

10.Apostol, T. M. Calculus, Volume I. Wiley, 2019.




